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Abstract
It is proved that if the points of the three-dimensional Euclidean space
are coloured in red and blue, then there exist either two red points unit
distance apart, or six collinear blue points with distance one between any
two consecutive points.
1 Introduction
The area of Euclidean Ramsey theory is mostly concerned with colouring points
of an Euclidean space En and looking for a geometric graph whose points are
monochromatic. Research in this area was surveyed in [1–3] by Erdo˝s, Graham,
Montgomery, Rothschild, Spencer, and Straus.
Asymmetric Euclidean Ramsey theory deals with the questions of the following
type. If F1 and F2 are two different configurations of points in an Euclidean
space, is it true that for any colouring of the points of an Euclidean space En in
red and blue, there always exists either a congruent copy of F1 with all of the
vertices red, or a congruent copy of F2 with all of the vertices blue? In the case
of affirmative answer, the “Ramsey arrow“ notation is used:
E
n → (F1, F2).
The results of Erdo˝s et al. [1–3] include:
• If Ti is a configuration of i points, then E2 → (T2, T3);
• If T denotes the isosceles right triangle with unit catheti (legs) and Q2
denotes the unit square, then E3 → (T,Q2);
• Let ℓi denote the configuration of i collinear points with distance 1 between
any two consecutive points. Then E2 → (ℓ2, ℓ4) and E4 → (ℓ2, ℓ5).
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Juha´sz [6] proved that if T4 is any configuration of 4 points, then E
2 → (ℓ2, T4).
Juha´sz (personal communication, 10 February, 2017) also informed us that
Iva´n’s master thesis [5] contains a proof that for any configuration T5 of 5
points, E3 → (ℓ2, T5), but this result was never published.
It was asked by Erdo˝s et al. [2] whether E3 → (ℓ2, ℓ5). The result of Iva´n [5]
implies the positive answer to this question. We present a simple proof of
E
3 → (ℓ2, ℓ5) and prove a stronger result, namely that E3 → (ℓ2, ℓ6).
For an overview of other results in Euclidean Ramsey theory, see Graham’s
survey [4].
2 Existence of a blue ℓ5
Theorem 2.1. Let the Euclidean space E3 be coloured in red and blue so that
there are no two red points distance 1 apart. Then there exist five blue points
that form an ℓ5.
To prove Theorem 2.1, it is first proved (in the following two lemmas) that if
there is a colouring that forbids red ℓ2 and blue ℓ5, there are no two red points
distance 2 or
√
7 apart.
Lemma 2.2. Let E3 be coloured in red and blue so that there are no two red
points distance 1 apart. If there are no five blue points forming an ℓ5, then there
are no two red points distance 2 apart.
Proof. Assume that points A and B are red and |AB| = 2. Choose a rectangular
coordinate system centered at A so that B has coordinates (2, 0, 0). Then any
point at distance 1 to A is blue, otherwise there are two red points distance
1 apart. In particular, the circles {(− 1
2
, y, z) : y2 + z2 = 3
4
} and {(1
2
, y, z) :
y2 + z2 = 3
4
} are blue (see Figure 1). Similarly, since any point at distance 1 to
B is blue, the circles {(3
2
, y, z) : y2 + z2 = 3
4
} and {(5
2
, y, z) : y2 + z2 = 3
4
} are
blue. Then, for any point P1 on the first circle, the line ℓ through P1 parallel
to AB intersects the other three circles at some points P2, P3, P4 that together
with P1 form a blue ℓ4. Therefore the point P5 of intersection of ℓ with the
circle C = {(7
2
, y, z) : y2 + z2 = 3
4
} is red (otherwise P1, P2, P3, P4, P5 form a
blue ℓ5). Since P1 can be any point on {(− 12 , y, z) : y2 + z2 = 34}, the whole
circle C is red. Since the radius of C is
√
3
2
, C contains two red points distance
1 apart, which contradicts the assumptions of the lemma.
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C
P1 P2 P3 P4 P5
– red point – blue point
Figure 1
Lemma 2.3. Let E3 be coloured in red and blue so that there are no two red
points distance 1 apart. If there are no five blue points forming an ℓ5, then there
are no two red points distance
√
7 apart.
Proof. Assume that points A and B are red and |AB| = √7. Choose a rectan-
gular coordinate system so that A has coordinates (−
√
7
2
, 0, 0) and B has coor-
dinates (
√
7
2
, 0, 0). Since A and B are
√
7 apart, there exist points P1, P2, P3, P4,
all collinear, such that |P1P2| = |P2P3| = |P3P4| = 1 and the triangles AP1P2
and BP3P4 are equilateral (see Figure 2). Let P1, P2, P3, P4 have coordinates
P1(− 3√
7
, 3
√
3
2
√
7
, 0), P2(− 1√
7
,
√
3
2
√
7
, 0), P3(
1√
7
,−
√
3
2
√
7
, 0), P4(
3√
7
,− 3
√
3
2
√
7
, 0)). Then
P1, P2, P3, P4 form a blue ℓ4, therefore the point P5(
5√
7
,− 5
√
3
2
√
7
, 0) is red. When
the line P1P2P3P4 is rotated about AB, points P1, P2, P3, P4 span four blue cir-
cles (since every point on the circles is at distance 1 to either A or B), therefore
P5 (when rotated) spans a red circle with radius
5
√
3
2
√
7
> 1 that contains two red
points distance 1 apart.
A B
P1
P2
P3
P4
P5
A B
P1
P2
P3
P4
P5
Figure 2
Proof of Theorem 2.1. Let E3 be coloured in red and blue in a way that there
is no red ℓ2 or blue ℓ5. Consider any red point A and a rectangular coordinate
system centered at A. By Lemma 2.2, any point at distance 2 to A is blue, in
3
particular, the circles {(1, y, z) : y2 + z2 = 3} and {(−1, y, z) : y2 + z2 = 3} are
blue (see Figure 3). Similarly, by Lemma 2.3, the circles {(2, y, z) : y2+ z2 = 3}
and {(−2, y, z) : y2 + z2 = 3} are blue. Consider any point P3 on the circle
{(0, y, z) : y2+z2 = 3}. The line through P3 parallel to y = z = 0 intersects the
four blue circles at points P1, P2, P4 and P5 that together with P3 form an ℓ5.
Since P1, P2, P4, P5 are blue, P3 is red. Therefore, the circle {(0, y, z) : y2+z2 =
3} is red and has radius √3, and so this circle contains two red points distance
1 apart.
A
P1 P2 P3 P4 P5
A
P1 P2 P3 P4 P5
Figure 3
3 Existence of a blue ℓ6
Theorem 3.1. Let the Euclidean space E3 be coloured in red and blue so that
there are no two red points distance 1 apart. Then there exist six blue points
that form an ℓ6.
For the sake of contradiction, it is assumed that there exists a colouring of
E
3 in red and blue without red ℓ2 and blue ℓ6. The following four lemmas are
needed.
Lemma 3.2. Let E3 be coloured in red and blue so that there are no two red
points distance 1 apart. If there are no six blue points forming an ℓ6, then there
is no disk with radius
√
3, such that all of its points (including interior) are
blue.
Proof. Suppose that there exists a blue disk D with center O and radius
√
3.
Consider a rectangular coordinate system on the plane containing D, centered
at O (then D = {x2 + y2 ≤ 3, x, y ∈ R}). Let P4 be any point on the boundary
of D (for simplicity, let the coordinates of P4 be (
√
3, 0). Then points P4,
P3(
√
3−1, 0), P2(
√
3−2, 0), P1(
√
3−3, 0) belong D, and therefore are blue (see
Figure 4a). Consider points P5(
√
3 + 1, 0), P6(
√
3 + 2, 0), and a point A (say,
(
√
3 + 3
2
,
√
3
2
)) at distance 1 to both P5 and P6. If A is red, then both P5 and
4
P6 are blue and P1, P2, P3, P4, P5, P6 form a blue ℓ6. Therefore A is blue. When
the point P4 is rotated around the center, the point A (when rotated) spans a
blue circle C with radius
√
(
√
3 + 3
2
)2 + (
√
3
2
)2 =
√
6 + 3
√
3.
Consider any point Q6 on C (for simplicity, let the coordinates of Q6 be
(
√
6 + 3
√
3, 0); see Figure 4b). Since −√3 <
√
6 + 3
√
3 − 5 and
√
6 + 3
√
3 −
2 <
√
3, points Q4(
√
6 + 3
√
3 − 2, 0), Q3(
√
6 + 3
√
3 − 3, 0), Q2(
√
6 + 3
√
3 −
4, 0), Q1(
√
6 + 3
√
3 − 5, 0) are all inside D, therefore blue. Then the point
Q5(
√
6 + 3
√
3−1, 0) is red (otherwiseQ1Q2Q3Q4Q5Q6 is a blue ℓ6). If the point
Q6 is chosen arbitrarily on C, Q5 spans a red circle with radius
√
6 + 3
√
3−1 >
1, that contains two red points distance 1 apart.
P1 P2 P3 P4 P5 P6
A
C
D
(a)
Q1 Q2 Q3 Q4 Q5 Q6
C
D
(b)
Figure 4
Lemma 3.3. Let E3 be coloured in red and blue so that there are no two red
points distance 1 apart. If there are no six blue points forming an ℓ6, then there
are no two red points distance 2 apart.
Proof. The setup is the same as in Lemma 2.2. Assume that points A and B
are red and |AB| = 2. Choose a rectangular coordinate system centered at A
so that B has coordinates (2, 0, 0). Then the circles {(− 1
2
, y, z) : y2 + z2 = 3
4
},
{(1
2
, y, z) : y2 + z2 = 3
4
}, {(3
2
, y, z) : y2 + z2 = 3
4
} and {(5
2
, y, z) : y2 + z2 =
3
4
} are blue. Consider any line ℓ parallel to AB that intersects all the blue
circles (for simplicity, let ℓ = {(x,−
√
3
2
, 0), x ∈ R}), and let P1, P2, P3, P4 be the
points of intersection (see Figure 5, in this case P1(− 12 ,−
√
3
2
, 0), P2(
1
2
,−
√
3
2
, 0),
P3(
3
2
,−
√
3
2
, 0), P4(
5
2
,−
√
3
2
, 0)). Let X be any point on the circle C with radius
√
3
2
centered at the point on ℓ with x-coordinate 4 (in Figure 5, the center has
coordinates (4,−
√
3
2
, 0)). If X is red, then the points P5 and P6 on ℓ with x-
coordinates 7
2
and 9
2
(on the Figure 5, P5(
7
2
,−
√
3
2
, 0), P6(
9
2
,−
√
3
2
, 0)) are both
5
at distance 1 to X . Then P5 and P6 are blue, and P1P2P3P4P5P6 is a blue ℓ6.
Therefore, X is blue, hence the circle C is blue. When ℓ is rotated around AB,
the circle C spans a blue disk with radius
√
3, which contradicts the statement
of Lemma 3.2.
ℓ
A
P1 P2
B
P3 P4
X
P5 P6
C
A
P1 P2
B
P3 P4 P5 P6
Figure 5
Lemma 3.4. Let E3 be coloured in red and blue so that there are no two red
points distance 1 apart. If there are no six blue points forming an ℓ6, then there
are no two red points distance 4 apart.
Proof. The proof is similar to that of Lemma 3.3. Assume that points A and B
are red and |AB| = 4. Choose a rectangular coordinate system centered at A
so that B has coordinates (4, 0, 0). Then the circles {(− 1
2
, y, z) : y2 + z2 = 3
4
},
{(1
2
, y, z) : y2 + z2 = 3
4
}, {(7
2
, y, z) : y2 + z2 = 3
4
} and {(9
2
, y, z) : y2 + z2 = 3
4
}
are blue. Consider any line ℓ parallel to AB that intersects all the blue circles
(for simplicity, let ℓ = {(x,−
√
3
2
, 0) : x ∈ R}), and let P1, P2, P5, P6 be the
points of intersection (see Figure 6, in this case P1(− 12 ,−
√
3
2
, 0), P2(
1
2
,−
√
3
2
, 0),
P5(
7
2
,−
√
3
2
, 0), P6(
9
2
,−
√
3
2
, 0)). Let X be any point on the circle C with radius
√
3
2
centered at the point on ℓ with x-coordinate 2 (on the Figure 6, the center
has coordinates (2,−
√
3
2
, 0)). If X is red, then the points P3 and P4 on ℓ with
x-coordinates 3
2
and 5
2
(on the Figure 6 P3(
3
2
,−
√
3
2
, 0), P4(
5
2
,−
√
3
2
, 0)) are both
at distance 1 to X . Then P3 and P4 are blue, and P1P2P3P4P5P6 is a blue ℓ6.
Therefore, X is blue, hence the circle C is blue. When ℓ is rotated around AB,
the circle C spans a blue disk with radius
√
3, which contradicts the statement
of Lemma 3.2.
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ℓA
P1 P2
X
P3 P4
B
P5 P6
A
P1 P2 P3 P4
B
P5 P6
Figure 6
Lemma 3.5. Let E3 be coloured in red and blue so that there are no two red
points distance 1 apart. If there are no six blue points forming an ℓ6, then there
are no two red points distance 3 apart.
Proof. Assume that points A and B are red and |AB| = 3. Choose a rectangular
coordinate system so that A has coordinates (1, 0, 0) and B has coordinates
(4, 0, 0). Then, by Lemma 3.3, any point at distance 2 to A is blue; in particular,
the circles {(0, y, z) : y2 + z2 = 3} and {(2, y, z) : y2 + z2 = 3} are blue. By the
same argument, circles {(3, y, z) : y2 + z2 = 3} and {(5, y, z) : y2 + z2 = 3} are
blue, since their points are at distance 2 from B. Consider any line ℓ parallel
to AB that intersects all the blue circles (for simplicity, let ℓ = {(x,−√3, 0) :
x ∈ R}), and let P1, P3, P4, P6 be the points of intersection (see Figure 7, in
this case P1(0,−
√
3, 0), P3(2,−
√
3, 0), P4(3,−
√
3, 0), P6(5,−
√
3, 0)). Let X be
any point on the circle C with radius
√
55
2
centered at the point on ℓ with x-
coordinate 7
2
(on the Figure 7, the center has coordinates (7
2
,−√3, 0)). If X is
red, then the points P2 and P5 on ℓ with x-coordinates 1 and 4 (on the Figure 7,
P2(1,−
√
3, 0), P5(4,−
√
3, 0)) are both at distance 4 to X . Then,by Lemma 3.4,
P2 and P5 are blue, and P1P2P3P4P5P6 is a blue ℓ6. Therefore, X is blue, hence
the circle C is blue. When ℓ is rotated around AB, the circle C spans the blue
annulus bounded by circles of radii
√
55
2
+
√
3 and
√
55
2
−√3, which contains a
blue disk of radius
√
3. By Lemma 3.2, this leads to a contradiction with the
fact that there are no two red points distance 1 apart.
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Figure 7
Lemma 3.6. Let L be a unit triangular lattice on a plane. Let points of L be
coloured in red and blue so that there is no red ℓ2 and no blue ℓ6. If L contains
two red points distance
√
3 apart, then L does not contain a blue ℓ5.
Proof. Let A1 and A2 be two red nodes of L distance
√
3 apart. First, it is
proved that the node A3 symmetric to A1 in A2 is also red. Consider the part
of L depicted in Figure 8a. Points Q3 and Q6 are at distance 3 from A1, and
therefore are blue by Lemma 3.5. Points Q4 and Q5 are at distance 1 from A2,
therefore blue. Then point P1 is blue; otherwise points Q1 and Q2 are both
blue and form a blue ℓ6 with points Q3, Q4, Q5, Q6. Points P2 and P6 are at
distance 4 from A1, therefore are blue by Lemma 3.4. Points P3 and P5 are at
distance 2 from A2, therefore are blue by Lemma 3.3. Then the point A3 has
to be red in order to prevent the blue P1P2P3A3P5P6.
Using the same argument, it can be proved that the node A4 symmetric to A2
in A3 is red, and similarly for any k ∈ Z a point on the line A1A2 at distance
k
√
3 from A1 is red.
Consider five consecutive red nodes A1, A2, A3, A4, A5 on the line A1A2 and
the part of the lattice depicted in Figure 8b. By Lemmas 3.3, 3.5, 3.4, the
points P1, P2, P3, P4 are blue, since they are at distance 1, 2, 3 and 4 from A1,
respectively. By Lemma 3.5, the point P6 is blue (since it is 3 apart from A4).
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Then point P5 is red (otherwise P1, P2, P3, P4, P6 form a blue ℓ6). Similarly,
the points Q1, Q2, Q3, Q6 are blue, hence Q5 is red. Then P5 and Q5 are two
red nodes distance
√
3 apart, which forces all the nodes of L on the line P5Q5
to be red.
A1
A2
Q3 Q4 Q5 Q6Q2Q1
P1 P2 P3 A3 P5 P6
(a) A1
A2
A3
A4
A5
P1
P2
P3
P4
P5
P6
Q1
Q2
Q3
Q5
Q6
(b)
Figure 8
If the colouring is expanded further in a similar way, the plane will be
coloured in the unique way, which is shown in Figure 9. Every ℓ5 that be-
longs to L contains a red point, therefore the colouring does not contain a blue
ℓ5.
Figure 9
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Proof of the Theorem 3.1. Suppose that E3 is coloured in two colours so that
there is no red ℓ2 and no blue ℓ6. By Theorem 2.1, there is a blue ℓ5, say,
X1X2X3X4X5. Consider any unit triangular lattice L such that X1, X2, X3,
X4, X5 are nodes of L. Since L does not contain a blue ℓ6, there is a red node
A in L. Consider the part of L depicted in Figure 10. The points P2 and P3
are blue, since they are distance 1 apart from A. Since L contains a blue ℓ5, by
Lemma 3.6, there are no two red nodes of L distance √3 apart, therefore points
P1 and P4 are blue. Then points B and C can not be both blue (otherwise a blue
ℓ6 is formed), therefore one of them, say, B, is red. Then points Q5 and Q6 are
at distance 1 and
√
3 from B, hence blue. The points Q3, Q2, Q1 are distance
1, 1,
√
3 apart from A, respectively, therefore blue. Hence, the points Q1, Q2,
Q3, P1, Q5, Q6 form a blue ℓ6, which contradicts the initial assumption.
A
P1 P2 P3 P4
Q1
Q2
Q3
Q5
Q6
CB
Figure 10
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